Quantum magnetotransport properties of ultrathin topological insulator films We study the quantum magnetotransport in ultrathin topological insulator films in an external magnetic field considering hybridization between the upper and lower surfaces of the film. We investigate the two possible mechanisms for splitting of Landau levels, Zeeman and hybridization effects, and show that their interplay leads to minima in the collisional and Hall conductivities with a metal-to-insulator phase transition at the charge neutrality point. Hall plateaus arise at unusual multiples of e 2 =h. Evidence of a quantum phase transition for the zeroth and splitting of the higher Landau levels is found from the temperature and magnetic field dependences of the transport. In condensed matter physics, new phases of matter are always of great interest. Therefore, the proposal of the class of topological insulators (TIs) by Kane and Mele 1 has generated a lot of experimental and theoretical efforts. [2] [3] [4] [5] [6] [7] [8] These materials are insulating in the bulk, whereas the surface states are conducting and protected against scattering by time reversal symmetry. The surface states are chiral, have a well defined spin texture, and show a single Dirac cone energy spectrum. The occurrence of conducting surface states is related to the strong spin orbit coupling in these materials. Though a small number of two-dimensional TIs has been predicted 1,2 and discovered, 3 the discussion in the literature has focused on the larger class of three-dimensional TIs. [3] [4] [5] [6] [7] Most experimental studies [9] [10] [11] [12] have dealt with the surface states of bulk TIs, whereas TI thin films provide various advantages as compared to bulk samples. One of the major challenges in transport studies of TIs has been the separation of the bulk contribution from the surface contribution. Thin films provide an ideal system in this respect as they reduce the bulk contribution. Also, it is to be expected that modern molecular beam epitaxy will make it possible to further increase the surface mobility of thin films as compared to bulk crystals. In thin films, it is relatively easy to tune the chemical potential by gating, which is important for building devices based on TIs. Moreover, TI thin films provide a new degree of freedom, which is the thickness of the film, and effects such as crossover from three to two-dimensional topological surface states 9, 13 and hybridization of the states at the two surfaces 15, 16 can be studied by tuning the film thickness. In the light of the above, we investigate the quantum transport properties of a TI thin film [14] [15] [16] [17] [18] [19] in an external magnetic field perpendicular to its surface. The TI is considered to be thin enough that there is substantial overlap of the wavefunctions of the upper and lower surfaces, which leads to hybridization. This can happen for 1 to 5 quintuple layers with a thickness of the order of 5 nm. 9, [12] [13] [14] [15] Fabrication of Bi 2 Se 3 thin films by molecular beam epitaxy 9, 10 as well as a low temperature transport study 11 have been reported recently. In this work, our focus is on the longitudinal magnetoconductivity in the presence of charged impurity scattering and the Hall conductivity within the Kubo formalism. We explore the relative effects of the Zeeman interaction and the hybridization on the longitudinal conductivity and Hall conductivity. There have been only few studies of transport in TI thin films so far. [15] [16] [17] [18] [19] [20] Related systems with and without external magnetic field have been considered in Refs. 15 and 18, respectively. We aim at a thorough and detailed analysis of the quantum magnetotransport in a TI thin film, focusing on the interplay of the Zeeman and hybridization interactions. For this purpose, we employ a full quantum mechanical treatment.
We consider Dirac fermions occupying the upper and lower surface states of a TI thin film, which we take to be aligned in the xy-plane. We apply an external magnetic field perpendicular to the TI surface and take into account the hybridization between the upper and lower surfaces. The two-dimensional Hamiltonian for Dirac fermions in a magnetic field with hybridization is
Here r x and r y are the Pauli matrices that operate in the real spin space, s z ¼ þ=À denotes the symmetric and antisymmetric surface states of the TI, v denotes the Fermi velocity of the Dirac fermions, P ¼ p þ eA=c is the two-dimensional canonical momentum with vector potential A, and c is the speed of light. We employ the Zeeman energy
, where g is the effective Land e factor, l B is the Bohr magneton, and D h is the hybridization matrix element reflecting the hybridization between the upper and lower surfaces of the TI. We use the Landau gauge and express the vector potential as A ¼ ð0; Bx; 0Þ. The Landau level (LL) energies then are given by with k ¼ 61 for the electron and hole bands, the cyclotron frequency x ¼ v ffiffiffiffiffiffiffiffiffiffi eB= h p of the Dirac fermions, and the LL index n. The corresponding eigenfunctions for the symmetric surface state are
where L y is the length of the TI in y-direction, l ¼ ffiffiffiffiffiffiffiffiffiffi h=eB p , and n counts the LLs on the upper surface with spin up/down. We set u n ½
the Hermite polynomials H n ðxÞ;c 1 ¼cosh
The eigenstates for the antisymmetric surface state are obtained by exchanging n and n À 1 in Eq. (3).
In the presence of a magnetic field, there are two contributions to the magnetoconductivity: 21, 22 longitudinal and Hall. The former is the localized state contribution which carries the effects of Shubnikov-de Haas oscillations, the latter is the non diagonal contribution. In order to calculate the electrical conductivity in the presence of Zeeman and hybridization interactions and a perpendicular magnetic field, we will follow the formulation of Ref. 23 , which is derived from the general Liouville equation. 21, 22 To obtain the longitudinal contribution, we assume that the electrons are elastically scattered by randomly distributed charged impurities, which is the dominant scattering mechanism at low temperature. The longitudinal conductivity for spin degeneracy then is given by
where f ðeÞ ¼ ½expð
À1 is the Fermi Dirac distribution function with f ðeÞ ¼ f ðe 0 Þ for elastic scattering, k B is the Boltzmann constant, and l is the chemical potential. Moreover, W nn 0 is the scattering rate between the one-electron states jni and jn 0 i, L x L y is the area of the system, and e is the electron charge. Conduction occurs by transitions through spatially separated states from x n to x n 0 , where x n ¼ hnjxjni is the mean value of the x component of the position operator when the electron is in state jni. This is the well known hopping type formula for transport in the presence of a constant external magnetic field.
The longitudinal conductivity arises as a result of migration of the cyclotron orbit due to scattering by charged impurities. The scattering rate is given by
where the Fourier transform of the screened impurity potential is
Finally, evaluating the above integral, we obtain the following result
where we have used the relation , the integral yields n, which is consistent with previous theoretical work. 23, 24 In the above expression, we have the distribution function f ðE
Therefore, the longitudinal conductivity can be expressed as
The longitudinal conductivity given by Eq. (7) is shown graphically in Fig. 1 as a function The Fermi wave vector fulfills k F ¼ ð2pn e Þ 1=2 . We vary the Zeeman energy and hybridization energy as follows: The activated behavior as well as the quantum phase transition can also be seen in Fig. 1 in which we show the collisional conductivity at the CNP. In absence of Zeeman interaction (no external magnetic field) and presence of hybridization between the TI surfaces, the electron-hole symmetry leads to Shubnokov-de Haas oscillations with a gap at the CNP. This gap only appears because of the hybridization.
We next study what happens to the conductivity when the Zeeman energy exceeds the hybridization energy. We see that the minimum in the conductivity becomes a maximum as the Zeeman energy increases in Fig. 2 . We use D z ¼ 6 meV and D h ¼ 4 meV and leave the rest of the parameters the same as in Fig. 1 . This behavior can be explained by the interplay of the hybridization and Zeeman terms. The peak at the CNP is shifted to the hole region for increasing Zeeman energy relative to the hybridization energy. All other LLs are splitted into two well resolved peaks. By the energy spectrum in Eq. (2) , this corresponds to the shift of the zeroth LL to the hole region. In effect, the collisional conductivity at the CNP passes from a minimum to a maximum by tuning the magnetic field. In other words, the system undergoes a transition from an insulating into a conducting regime with significant splitting of the higher LLs.
The Hall conductivity is obtained from the nondiagonal elements of the conductivity tensor as [21] [22] [23] 
since f ðE n Þ½1 À f ðE n 0 Þexpð 
and
The matrix elements of the velocity operator are nonzero only for s z ¼ s 0 z and n 0 ¼ n61. Since jni js z ; n; k; k y i, there will be one summation over k y with periodic boundary conditions. Substituting the velocity matrix elements from Eqs. (10) and (11) into Eq. (9) yields
This simplifies to
and reduces to the result for graphene for a single valley in the limit of D z ¼ D h ¼ 0. 23, 24 In the zero temperature limit, Eq. (13) can be further simplified to
The quantum Hall conductivity for a TI thin film is illustrated in Fig. 3 . Plateaus appear at 61; 63; 65; … e 2 =h for Finally, we show the longitudinal and Hall resistivities in Fig. 4 as a function of the magnetic field for T ¼ 2 K and D h ¼ 4 meV. The longitudinal resistivity can be calculated by the relation q xx ¼ ðB 2 =e 2 n 2 e Þr xx , [21] [22] [23] [24] where n e is the electron concentration. We observe extra plateaus in the Hall resistivity due to the Zeeman and hybridization interactions. The steps between the plateaus coincide with sharp peaks of the longitudinal resistivity. Moreover, we find a well resolved splitting of the Hall plateaus and the corresponding peaks in the longitudinal resistivity. Our study shows that in the absence of an external magnetic field and for zero Zeeman interaction there is a minimum in the longitudinal conductivity with a corresponding plateau in the Hall conductivity at the CNP. This happens due to the splitting of the zeroth LL as a result of the hybridization between the upper and lower surface states of the TI thin film. Furthermore, when we increase the strength of the external magnetic field such that the Zeeman energy exceeds the hybridization energy we obtain a shifting of peaks at the CNP towards the hole region in both the longitudinal and Hall conductivities. This reflects the trivial insulator to Hall insulator transition of the system. Moreover, for zero hybridization energy we have a single peak on the hole side due to shifting of the half electron-hole peak at the CNP towards negative Fermi energy. Therefore, we find that an insulator to metal transition can be enforced by tuning the Zeeman energy (by means of the external magnetic field) relative to the hybridization energy. These results are consistent with recent experiments on ultrathin TI films with 9, 12, 20, 25, 26 and without 13, 15, [27] [28] [29] external perpendicular magnetic field.
In conclusion, we have investigated the effects of Zeeman and hybridization interactions on the collisional and Hall conductivities of a TI thin film in a perpendicular magnetic field. We have shown that Zeeman and hybridization splitting leads to a minimum in the collisional conductivity with a quantum phase transition at the CNP. Evidence for a metal-to-insulator transition at the CNP and splitting of the higher LLs is obtained from the temperature dependence of the longitudinal and Hall conductivities. We have shown that Hall plateaus appear at 0, 61; 63; 65; … e 2 =h (zero Zeeman energy and finite hybridization energy) and at unusual values of 0, À1=2; À3=2; 2; 64; 65; 66; …e 2 =h (Zeeman energy higher than hybridization energy), with corresponding peaks in the longitudinal conductivity. The plateau values and peak positions are sensitive to both the Zeeman and hybridization interactions. 
